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.
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2, .
$\mathbb{R}$ , $\mathbb{Z}$ , $\mathbb{R}\pm:=\{s\in \mathbb{R}|\pm s>0\}$ (
) . 2 , $\int_{\mathbb{R}}|f(t)|^{2}dt<\infty$ $\mathbb{R}$
$L^{2}(\mathbb{R})$ ,




$\{$fi $\}_{l\in L}\subset L^{2}(\mathbb{R})$ ,
$\{\sum_{l\in L}c_{k}$fi $|c_{l}(l\in L)$ $0\}$
$\overline{Span}\{f_{l}\}_{l\in L}$ , $\{fi\}_{l\in L}$ .
$\langle f,$ $g\rangle=0$ , $f$ $g$ . $\langle$fi, fi$’$ } $=\delta_{l,l’}(l, l’\in L)$
3 , $\{$fi $\}_{l\in L}$ , , $\overline{Spai}\{$fi $\}_{l\in L}=V(\subset L^{2}(\mathbb{R}))$
, $\{$fi $\}_{l\in L}$ $V$ .
$f$ $(T_{b}f)(t)=f(t-b)(b\in \mathbb{R})$ .
T . , $T_{b}^{-1}=T_{-b}$ ,
$f,$ $g\in L^{2}(\mathbb{R})$ $\langle T_{b}f,$ $T_{b}g\}=\langle f,$ $g\}$ , $\Vert T_{b}f\Vert=\Vert f\Vert$ . , $f$
$(D_{a}f)(t)=a^{-1’ 2}f(t/a)(a\in \mathbb{R}_{+})$ . $D_{a}$
. $g\in L^{2}(\mathbb{R})$ ,
$g_{j,k}(t):=(D_{2^{-j}}T_{k}g)(t)=(T_{2^{-j}k}D_{2^{-j}}g)(t)=2^{j/2}g(2^{j}t-k)$ , $j,$ $k\in \mathbb{Z}$ (2.1)
.
$g\in L^{2}(\mathbb{R})$ $j\in \mathbb{Z}$ , $P_{j}^{(g)}$
$P_{j}^{(g)}f:= \sum_{k\in \mathbb{Z}}\langle f,$
$g_{j,k}\rangle g_{j,k}$ , $f\in L^{2}(\mathbb{R})$ (2.2)
. $\{g_{j,k}\}_{k\in \mathbb{Z}}$ , $P_{j}^{(g)}$ $\{g_{j,k}\}_{k\in \mathbb{Z}}$
$V:=\overline{Span}\{g_{j,k}\}_{k\in \mathbb{Z}}$ . , $f\in L^{2}(\mathbb{R})$
22 $fi(t),$ $f_{2}(t)$ $\mu\{t\in \mathbb{R}|fi(t)\neq f_{2}(t)\}=0$ , $fi(t)$ $f_{2}(t)$
, (almost everywhere) . , $\mu$ .
$3\delta_{l,l’}$ , , $\delta_{l,l’}=0(l\neq l’),$ $\delta_{l,l’}=1(l=l’)$ .
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. $\xi$ sgn $\xi$ ,
$(\mathcal{H}f)^{\wedge}(\xi)$ $:=-i$ (sgn $\xi$ ) $\hat{f}(\xi)$ , $f\in L^{2}(\mathbb{R})$ (2.3)
$\mathcal{H}$ . $f$ , $\mathcal{H}f$ $f$
$\mathcal{H}f$ .
4. , $T_{b}\mathcal{H}=\mathcal{H}T_{b}(b\in \mathbb{R}),$ $D_{a}\mathcal{H}=\mathcal{H}D_{a}(a\in \mathbb{R}_{+})$ .
, Calder6n-Zygmund
, , $f$ $\mathcal{A}f:=f+i\mathcal{H}f$
, ( ).
$(\mathcal{A}f)^{\wedge}(\xi)=2Y(\xi)\hat{f}(\xi)$ (2.4)




$\psi\in L^{2}(\mathbb{R})$ , $\{\psi_{j,k}\}_{j,k\in \mathbb{Z}}$ $L^{2}(\mathbb{R})$ , $\psi$
$\psi_{j,k}$ , $\psi$ . $W_{j}:=$
$\overline{Span}\{\psi_{j,k}\}_{k\in \mathbb{Z}},$ $V_{j}:=\oplus_{l<j}W_{l}$ 5 , $W_{j}$ $i$
, $V_{j}$ $j$
. , $\{V_{j}\}_{j\in \mathbb{Z}}$
$($ i $)$ $V_{j}\subset V_{j+1}$ $($ ii $)$ $f\in V_{j}\Leftrightarrow f(2\cdot)\in V_{j+1}$
$($ iii $)$ $\bigcap_{j\in \mathbb{Z}}V_{j}=\{0\}$ $($ iv $)$ $\overline{\bigcup_{j\in \mathbb{Z}}V_{j}}=L^{2}(\mathbb{R})$
4 $D_{a}$ $a<0$ , $D_{a}(a<0)$ .
$5_{\oplus}$ .
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. , $V_{0}$ $(f\in V_{0}\Rightarrow f(\cdot-k)\in V_{0}(k\in \mathbb{Z}))$ .
, $L^{2}(\mathbb{R})$ $\{V_{j}\}_{j\in \mathbb{Z}}$ $(i)\sim$ (iv) , ,
(v) $\phi\in V_{0}$ , $\{\phi(\cdot-k)\}_{k\in \mathbb{Z}}$ $V_{0}$






1. $\phi\in L^{2}(\mathbb{R})$ .
(1) $\{\phi_{0,k}\}_{k\in \mathbb{Z}}$ $L^{2}(\mathbb{R})$
$\sum_{k\in \mathbb{Z}}|\hat{\phi}(\xi+2k\pi)|^{2}=1$ , $\xi\in \mathbb{R}$ (3.2)
. , $j\in \mathbb{Z}$ , $\{\phi_{j,k}\}_{k\in \mathbb{Z}}$ .
(2) $\phi$ , , $V_{j}:=\overline{Span}\{\phi_{j,k}\}_{k\in \mathbb{Z}}(j\in \mathbb{Z})$
MRA , 3 (Cf. [9]
Chapt.7, Theorem 5.2).
(Al) (3.2) .
(A2) $2\pi$ $m_{0}(\xi)$ ,
$\hat{\phi}(2\xi)=m_{0}(\xi)\hat{\phi}(\xi)$ , $\xi\in \mathbb{R}$ . (3.3)
(A3) $\lim_{jarrow\infty}|\hat{\phi}(2^{-j}\xi)|=1$ .
(3.3) , $m_{0}$ .
(3) $\phi$ , $\nu$ $|\nu(\xi)|\equiv 1$ $2\pi$




2. $\phi$ , $\nu$ $|\nu(\xi)|\equiv 1$ $2\pi$ ,
$\hat{\psi}(\xi)=m_{1}(\xi/2)\hat{\phi}(\xi/2)$ , $m_{1}(\xi)=e^{i\xi}\overline{m_{0}(\xi+\pi)}\nu(2\xi)$ $\psi$
. $\psi$ , $\phi$ ( MRA $\{V_{j}\}_{j\in \mathbb{Z}}$
$)$ , $m_{1}(\xi)$ .
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$h\in L^{2}(\mathbb{R})$ , $h$ (support)7 $supph$ .




3. $\phi\in L^{2}(\mathbb{R})$ Meyer
3 . ( 1 )
(Ml) $supp\hat{\phi}\subset[-\frac{4}{3}\pi, \frac{4}{3}\pi]$ ,
(M2) $[- \frac{2}{3}\pi,$ $\frac{2}{3}\pi]$ $|\hat{\phi}(\xi)|=1$ ,
(M3) $[ \frac{2}{3}\pi,$ $\frac{4}{3}\pi]$ $|\hat{\phi}(\xi)|^{2}+|\hat{\phi}(\xi-2\pi)|^{2}=1$ .
6 $\nu(\xi)\equiv-1$ , ,
.
7 $h\in L^{2}(\mathbb{R})$ , , $\{to\in \mathbb{R}|h(t)$ $t_{0}$
$0$ } $supph$ , ( )





$supp\hat{\psi}\subset[-\frac{8}{3}\pi,$ $- \frac{2}{3}\pi]\cup[\frac{2}{3}\pi,$ $\frac{8}{3}\pi]$
, 2 . ,
diam $(supp\hat{\phi}\cap \mathbb{R}_{\pm})\leq 2\pi$ , diam $(supp\hat{\psi}\cap \mathbb{R}_{\pm})\leq 2\pi$ (4.1)
. , diam $A$ $A$ 8 .
Meyer , $\hat{\phi}(\xi)\geq 0,\hat{\phi}(-\xi)=\hat{\phi}(\xi),\hat{\phi}\in C^{\infty}(\mathbb{R})$
9 . , $\phi$ $\phi$ $\psi$
, $\phi,$ $\psi\in S$ . , $S$ ,
$f\in C^{\infty}(\mathbb{R})$ , $k,$ $l$ , $(1+|t|)^{l}|f^{(k)}(t)|$ $\mathbb{R}$
( $C^{\infty}$ ) $f$ .
Daubechies [5], [7] , Meyer
$\psi(\xi)=\wedge\{\begin{array}{ll}e^{i\xi’ 2}\sin[(\pi/2)\nu(3|\xi|/(2\pi)-1)], \frac{2}{3}\pi\leq|\xi\leq\frac{4}{3}\pi,e^{i\xi/2}\cos[(\pi/2)\nu(3|\xi|/(4\pi)-1)], \frac{4}{3}\pi\leq|\xi\leq\frac{8}{3}\pi,\end{array}$ $($4.2 $)$
$\nu\in C^{\infty}(\mathbb{R})$ , $\nu(x)=\{\begin{array}{ll}0, x\leq 0,1, x\geq 1,\end{array}$ $\nu(x)+\nu(1-x)=1$ $($4.3 $)$
. ( , ,







$\phi$ , $\psi$ , $f$
$V_{j}$ $P_{j}^{(\phi)}f= \sum_{k\in \mathbb{Z}}\{, \phi_{j,k}\}\phi_{j,k}$ $\text{ _{}f}$ $j$ ,
$P_{j}^{(\phi)}farrow f(iarrow\infty)$ in $L^{2}(\mathbb{R})$ . , $V_{j}=V_{j-1}\oplus W_{j-1}$ ,
$P_{j}^{(\phi)}=P_{j-1}^{(\phi)}+P_{j-1}^{(\psi)}$ .
$f\in L^{2}(\mathbb{R})$ , $f_{j}:=P_{j}^{(\phi)}f$ $($ $j$ $)$ , $g_{j}:=P_{j}^{(\psi)}f$ $($ $j$
) . ,
$f$ $i=j_{0}$ fj , $f_{j_{\text{ }}}=f_{j_{0}-1}+g_{j_{\text{ }}-1}=$
$f_{j_{0}-2}+g_{j_{0}-2}+g_{j_{0}-1}=\cdots=f_{j\text{ }-l}+g_{j_{0}-l}+\cdots+g_{j_{0}-2}+g_{j_{0}-1}$ ,
. , $f$ $f$
$T_{b}f:=f(\cdot-b)$ , $P_{j}^{(\psi)}T_{b}f$ $T_{b}P_{j}^{(\psi)}f$ (
) , .
6





4. $\phi$ Meyer , .
(1) $\tau\in \mathbb{R}$ , $\phi$ $T_{\tau}\phi=\phi(\cdot-\tau)$
.
$\tau\in \mathbb{R}$ , $\phi_{\tau}:=T_{\tau}\phi$ .





(3) $\psi_{\tau}$ $\phi_{\tau}$ , $\psi_{\tau}$
$\mathcal{H}\psi_{\tau}$ $T_{1’ 2}\phi_{\tau}$ . , $P_{j}^{dt1}:=$
$\frac{1}{2}(P_{j}^{(\psi_{\tau})}+P_{j}^{(.\ovalbox{\tt\small REJECT}\psi_{\tau})})$ , $(P_{j}^{dt1}f)^{\wedge}(\xi)=\hat{f}(\xi)|\hat{\psi}(2^{-j}\xi)|^{2}$ .






, 2 $\mathcal{H}_{c},$ $\tau_{c}\dagger$ .
7.1 $\mathcal{H}_{c}$
$c\in \mathbb{R}$ ,
$(\mathcal{H}_{c}f)^{\wedge}(\xi):=e^{-ic\pi}$ sgn $\xi\hat{f}(\xi)$ , $f\in L^{2}(\mathbb{R})$ (7.1)
.
$\mathcal{H}_{c}=(\cos c\pi)I+(\sin c\pi)\mathcal{H}$ (7.2)
. $\{\mathcal{H}_{c}\}_{\text{ }\in \mathbb{R}}$ , 1 .
, $\mathcal{H}_{c}\mathcal{H}_{d}=\mathcal{H}_{c+d}(c, d\in \mathbb{R})$ , $\mathcal{H}_{0}=I$ ( ) . ,
$\mathcal{H}_{c+1}=-\mathcal{H}_{c}$ , $\mathcal{H}_{1’ 2}=\mathcal{H}$ . $\mathcal{H}_{c}$ ,
, .
, $\mathcal{H}_{c}T_{b}=T_{b}\mathcal{H}_{c}(b, c\in \mathbb{R})$ , $\mathcal{H}_{c}D_{a}=D_{a}\mathcal{H}_{c}(c\in \mathbb{R}, a\in \mathbb{R}_{+})$ .
, $(\mathcal{H}_{c}f)_{j,k}=\mathcal{H}_{c}(f_{j,k})$ , $\mathcal{H}_{c}$ MRA
.
, , $\mathcal{H}_{c}$ .
5. $L^{2}(\mathbb{R})$ $U$ $T_{b}(b\in \mathbb{R}),$ $D_{a}(a\in \mathbb{R}_{+})$
, $\theta,$ $c\in \mathbb{R}$ , $U=e^{i\theta}\mathcal{H}_{c}$ .








. , $\tau(\xi)$ 3 .
$\{T_{c}\dagger\}_{c\in \mathbb{R}}$ 1 . ,
, $c=k$ : $T_{k}^{\dagger}=T_{k}(k\in \mathbb{Z})$ .
, $supp\hat{f}\subset[-2\pi, 2\pi]$ $T_{c}^{\uparrow}f=T_{c}f$ .
7.3 $\mathcal{H}_{c}$ $\tau_{c}\dagger$
$\theta(\xi):=\tau(\xi)-\pi$ sgn $\xi$ ,
$(T_{c}^{\dagger}f)^{\wedge}(\xi)=e^{-ic\theta(\xi)}(\mathcal{H}_{c}f)^{\wedge}(\xi)$ (7.4)
, 4 , $\theta(\xi)$ $2\pi$ . , $g$
(Al) ,
$\overline{Span}\{(\mathcal{H}_{c}g)(\cdot-k)\}_{k\in \mathbb{Z}}=\overline{Span}\{(T_{c}^{\dagger}g)(\cdot-k)\}_{k\in \mathbb{Z}}$ $(c\in \mathbb{R})$ (7.5)
,




4: $\theta(\xi)=\tau(\xi)-\pi$ sgn $\xi$
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8, $\phi$ , $\psi$ $\phi$
.
, $T_{c}^{\uparrow}\phi$ , $T_{c}^{\uparrow}\phi$
$\mathcal{H}_{c}\psi$ . ,
6 $c\in \mathbb{R}$ $\mathcal{H}_{c}\phi,$ $T_{c}^{1}\phi$ MRA
, $\mathcal{H}_{c}\psi$ . $T_{c}^{\uparrow}\psi$
$\mathcal{H}_{c}\phi,$ $T_{c}^{\uparrow\emptyset}$ ( )
. ( 5 )
5: $\mathcal{H}_{c}\phi,$ $T_{c}^{1}\phi,$ $\mathcal{H}_{c}\psi,$ $T_{c}^{\uparrow}\psi$
Meyer , $T_{c}\dagger\phi=T_{c}\phi$ . , Meyer , $T_{c}^{1\emptyset}$ ,
$\mathcal{H}_{c}\psi\in S$ , $\mathcal{H}_{c}\phi,$ $T_{c}^{\uparrow}\psi$ , $(\mathcal{H}_{c}\phi)^{\wedge},$ $(\tau_{c}\dagger\psi)^{\wedge}$
. , $\int|(\mathcal{H}_{c}\phi)(t)|dt=\int_{\mathbb{R}}|(T_{c}^{1}\psi)(t)|dt=\infty$
, $tarrow\pm\infty$ $\ovalbox{\tt\small REJECT} 9$ .
5 $\mathcal{H}_{c}$ MRA , $\mathcal{H}_{c}\phi$ $\mathcal{H}_{c}\psi$
, $T_{c}^{\uparrow}\phi$ , $\mathcal{H}_{c}\psi$ $\phi$
, . $\mathcal{H}_{c}\phi$ ,
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$T_{c}^{\dagger}\phi$ . , 4
,
$\psi_{\tau}=\mathcal{H}_{\tau}\psi$ , $\mathcal{H}\psi_{\tau}=\mathcal{H}_{\tau+12^{\uparrow l\prime}}$ (8.1)
.
, .
7. $g\in L^{2}(\mathbb{R})$ (Al) .
(1) $n\in \mathbb{N}$
$(P_{j}^{(g;n)}f)(t):= \frac{1}{n}\sum_{m=0}^{n-1}(P_{j}^{(.\ovalbox{\tt\small REJECT}_{m\prime n}g)}f)(t)$ , $f\in L^{2}(\mathbb{R})$ , (8.2)
. $P_{j}^{(g;1)}=P_{j}^{(g)}$ ’ 4 $P_{j}^{apr},$ $P_{j}^{dt1}$ $P_{j}^{(\phi_{\tau};2)},$ $P_{j}^{(\psi_{\tau};2)}$
.
(2)
$(P_{j}^{(g;\infty)}f)(t):= \int_{0}^{1}(P_{j}^{(.\ovalbox{\tt\small REJECT}_{c_{-}}g)}f)(t)dc$ , $f\in L^{2}(\mathbb{R})$ . (8.3)
, \S 73 , $P_{j}^{(\swarrow l_{c}g)}c=P_{j}^{(T_{c}^{\dagger}g)}$
, $supp\hat{g}\subset[-2\pi, 2\pi]$ $P_{j}^{(.X_{c}^{\rho}g)}=P_{j}^{(T_{c}g)}$ .
2 , .
8. $g$ (Al) , $2\leq n\leq\infty$ .
(1) $P_{j}^{(g;n)}$ .




$1$ , $\Vert h\Vert_{L^{\infty}(\mathbb{R})}$ $:=$ esssup$\xi\in \mathbb{R}|h(\xi)|$
11. , $F_{\pm}(\xi):=F(\xi)Y(\pm\xi)$ ( ) .
(2) $(supp\hat{g})\cap \mathbb{R}_{\pm}$ $2\pi$ , $j\in \mathbb{Z}$
, $P_{j}^{(g;n)}$ . ,
$T_{b}P_{j}^{(g;n)}=P_{j}^{(g;n)}T_{b}$ , $b\in \mathbb{R}$ .
10
$\Vert T\Vert_{op}:=s^{\backslash }up\frac{\Vert Tf\Vert}{||f\Vert}f\neq 0^{\cdot}$
$\overline{\text{ }=}-$ $\Vert Tf\Vert\leq C\Vert f\Vert,$ $f\in L^{2}(\mathbb{R})$ $C$ $\Vert T\Vert_{op}$
.
1lesssup , , $\Vert h\Vert_{L^{\infty}(iR)}:=\min\{a\geq 0|\mu\{\xi\in \mathbb{R}||h(\xi)|>$
$a\}=0\}$ , $\sup_{\xi\in \mathbb{R}}|h(\xi)|$ .
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9, , .
(I) 2 dilation factor ( Auscher wavelet ). ,
$i$ , dilation factor .
(II) . $g,$ $g^{*}\in L^{2}(\mathbb{R})$ ,
$(P_{j}^{(g,g^{*})}f)(t):= \sum_{k\in \mathbb{Z}}\langle f,$
$g_{j,k}^{*}\}g_{j,k}(t)$ , $f\in L^{2}(\mathbb{R})$ (9.1)
. $P_{j}^{(g)}=P_{j}^{(g,g)}$ .
$M$ ,
$\sum_{l\in \mathbb{Z}}|\hat{g}(\xi+2\pi l)|^{2}\leq M$
,
$\sum_{l\in \mathbb{Z}}|\hat{g^{*}}(\xi+2\pi l)|^{2}\leq M$
(9.2)
, $P_{j}^{(g,g^{*})}$ $L^{2}(\mathbb{R})$ .
9. $g,$ $g^{*}$ (92) .
(1) $P_{j}^{(.\swarrow P_{c}g,\ovalbox{\tt\small REJECT}_{c}g^{*})}=P_{j}^{(T_{c_{-}}^{\dagger}g,T_{c}^{\dagger}g^{*})}(c\in \mathbb{R})$ .
(2) $\hat{g}(\xi)\overline{\hat{g^{*}}(\xi+2\pi l)}=0(|l|\geq 2)$ $\hat{g}_{\pm}(\xi)\overline{g_{\pm}^{\hat{*}}(\xi+2\pi l)}=0$ ( )
$(l=\pm 1)$ , $P_{j}^{(J’P_{c}g,\ovalbox{\tt\small REJECT}_{c_{-}}g^{*})}=P_{j}^{(T_{c}g,T_{c}g^{*})}$ .
10. $g,$ $g^{*}$ (9.2) ,
$(P_{j}^{(g,g^{*};n)}f)(t):= \frac{1}{n}\sum_{m=0}^{n-1}(P_{j}^{(.\ovalbox{\tt\small REJECT}_{m/n}g,\mathcal{H}_{m}}$ $g^{*})f)(t)$ $(n=1,2,3,$ $\ldots)$ , (93)
$(P_{j}^{(g,g^{*};\infty)}f)(t):= \int_{0}^{1}(P_{j}^{(\mathcal{J}P_{c_{-}}g,.\ovalbox{\tt\small REJECT}_{c}g^{*})}f)(t)dc$ . (9.4)
.
8 .
11 $2\leq n\leq\infty$ ,
$\Vert T_{b}P_{j}^{(g,g^{*};n)}-P_{j}^{(g,g^{*};n)}T_{b}\Vert_{op}$
$\leq 2\sum_{l\neq 0}|\sin 2^{j}b\pi l|\max_{\epsilon=+,-}\Vert\hat{g}_{\epsilon}(\cdot)\overline{g_{\epsilon}^{\hat{*}}(\cdot+2\pi l)}\Vert_{L^{\infty}(\mathbb{R})}$
. (9.5)
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